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Active Control of Flutter in Compressible Flow
and Its Aeroelastic Scaling

P. P. Friedmann¤ and E. Presente†

University of California, Los Angeles, California 90095-1597

A new two-pronged approach suitable for the general aeroelastic and aeroservoelastic scaling of any aeroelastic
con� guration is presented. The method produces aeroelastic scaling laws for general con� gurations, and it is
particularly useful for situations involving active controls and smart-materials-based actuation. This approach is
illustrated by applying it to a two-dimensional wing section in compressible � ow, combined with a trailing-edge
control surface. Augmented aerodynamicstates are reconstructed using a Kalman � lter, and linear optimal control
is used to design a full-state feedback � utter suppression controller. Constraints on actuator de� ection and rate are
also considered. In a second example, � utter suppression for a typical cross section with a conventionaltrailing-edge
control surface is compared with that obtained with piezoelectric actuation utilizing bend/twist coupling.

Nomenclature
[A] = system matrix
[AH ] = Hamiltonian system matrix
a = nondimensionaloffset between elastic axis

(EA) and midchord
[B] = open-loop control matrix in state space
b = airfoil semichord
[C] = observation matrix, y(t ) = [C]{x(t )}
C(k) = Theodorsen’s lift de� ciency function
Ch , Cl , Cm = hinge moment, lift, and pitch moment

coef� cients per unit span
CP , C̄P = power coef� cient and its average value
[C0], [C1], [C2] = constant aerodynamic matrices in state-space
[D], [E], [R] formulation
c b = nondimensional � ap hinge location
G = shear modulus of plate wing section
G H = shear modulus of honeycomb
GLT = shear modulus of composite material
H, H̄ = hinge moment per unit span and its

nondimensionalvalue
h, h0 = plunge displacement at the EA and its initial

condition
IEA = wing section mass moment of inertia about

its EA, per unit span
I b = control surface mass moment of inertia about

its hinge, per unit span
J = cost function
Jp = cross section polar moment of inertia
[K ] = modi� ed wing section nondimensional

stiffness matrix
¯[K ] = typical wing section nondimensional

stiffness matrix
Kh = spring stiffness in plunge
K a = spring stiffness in torsion
K b = control surface torsional stiffness
k = reduced frequency, x b / V
L = lift force per unit span
M = Mach number
[M ] = modi� ed nondimensionalmass matrix

¯[M ] = nondimensionalmass matrix
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MEA = pitch moment per unit span acting at the EA
m = wing section mass per unit span
P, P̄ , P̄av = power, its nondimensional and average

nondimensionalvalue
[P] = Riccati matrix
p, p̄ = pressure and its nondimensionalvalue,

p / 1
2
q V 2

[Q] = observer Riccati matrix
{q} = displacements vector
r a = wing section radius of gyration about its EA
r b = � ap radius of gyration about its hinge
s, s̄ = Laplace variable and its modi� ed value,

s̄ = (b/ V )s
T1 , . . . , T19 = coef� cients for Theodorsen’s theory
t , t̄ = time and its nondimensionalvalue
tC = composite material ply thickness
tH = honeycomb thickness
t̄i , t̄ f , t̄1 , t̄2 = various nondimensional time points
tt = total airfoil thickness
V , V̄ = freestream velocity and its nondimensional

value, V / x a b
VD , V̄D = divergence velocity and its nondimensional

value
VF , V̄F = � utter velocity and its nondimensionalvalue
[V1], [V2] = state excitation noise intensity and

measurement noise intensity
{x} = state vector
x a = nondimensional static moment of the airfoil

about its EA, for unde� ected � ap
x b = nondimensional static moment of the � ap

about its hinge axis
y = output measurement
a = airfoil angle of attack
b = � ap de� ection angle
f = damping coef� cient
g a = augmented aerodynamic state vector
h f = � ap hinge location
l = mass ratio, m / p q b2

n = nondimensionalplunge displacement, h / b
q = air density
u 1, u 2 = phase lag angles
x h = natural frequency in plunge,

p
(Kh / m)

x a = natural frequency in pitch,
p

(K a / IEA)
x b = natural frequency of � ap,

p
(K b / I b )

( ¤ ) = nondimensional time derivative, d( ) /dt̄

Introduction

T HE � eld of aeroservoelasticityhas been one of the central sub-
jects in aeroelasticity during the last thirty years. Excellent
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surveys on aeroservoelasticity can be found in Refs. 1–3. Early
theoretical and experimental studies in aeroservoelasticity were
performed in frequency domain. This approach was dictated by
the frequency domain unsteady aerodynamic theories, limited to
simple harmonic motions, that were in widespread use until the
mid-1970s.4,5 Aeroservoelastic studies performed in frequency do-
main are inconvenientbecause they provide limited information on
system behavior before and after � utter. Edwards6 was among the
� rst to recognize the need for time domain aerodynamicsin aeroser-
voelasticity, and by developing the time domain approximation to
earlier frequency domain theories, he initiated the use of multi-
input/multi-output control laws for � utter suppression. Roger7 ex-
tended Edwards’s approachand used it to demonstrate active � utter
suppression in a � ight test. Since then, numerous studies have been
conducted to demonstrate active � utter suppression in � ight or in
wind-tunnel tests.

Recent advances in the area of smart structures have led to the
use of such materials as actuators for aeroservoelasticapplications.
The attractivenessof such materials is their potentialfor introducing
continuous structural deformationsof the lifting surface that can be
exploitedto manipulatetheunsteadyaerodynamicloadsand prevent
undesirableaeroelasticeffects such as � utter. Some of the more no-
table studies in this area include the work of Ehlers and Weisshaar8

that has analyzed the application of piezoelectric materials to the
control of static aeroelastic problems in a composite wing. Heeg
et al.9,10 have conducted several studies demonstrating � utter sup-
pression using piezoelectric actuation on small-scale wind-tunnel
models in incompressible � ow. Other studies11 have also looked
into static aeroelastic control using piezoelectric actuation. Later
this research was extended to � utter suppressionusing piezoelectric
actuation,12 ¡ 14 culminating in a wind-tunnel test of a swept wing,
controlled by piezoelectric patches. An increase in � utter dynamic
pressure of approximately 12% was demonstrated in these tests.15

Although the potential of piezoelectric actuators in aeroservoelas-
ticity is substantial, currently such materials have major limitations
on their stroke and force producingcapabilities.Therefore, most of
the successful demonstration tests were conducted on small mod-
els in incompressible� ow. Aeroelasticscalinghas been disregarded
and the questionof how one would scale such actuators for different
sized models, or an actual full-scale vehicle, has not been carefully
addressed.

During the last forty years aeroelastically scaled wind-tunnel
models have been widely used in testing, and aeroelastic scaling
laws that enable one to relate wind-tunnel test results to the behav-
ior of the full-scale system have played an important role in aeroe-
lasticity. Such scaling laws have relied on dimensional analysis to
establish a set of scaling parameters used for aeroelasticallyscaled
models, suitablefor wind-tunneltesting.16 ¡ 18 More re� ned laws can
be obtained using similarity solutions,which representclosed-form
solutions to the equations of motion. However, for complex aeroe-
lastic problems such solutions are impractical.19 It is important to
emphasize that since the 1960s practically no research has been
done on aeroelastic or aeroservoelasticscaling.

The general thrust of this paper is the development of innovative
scaling laws for aeroelastic problems in compressible � ow, where
control is implemented either by conventional trailing-edge sur-
faces, that is, � aps or by piezoelectric induced actuation, so as to
expand the � utter margin. A new two-pronged approach is used,
in which basic similarity laws are obtained using typical cross-
sectionalinformationand dimensionalanalysis,resemblingthe con-
ventional,or classical,approach.In parallel simulations,playingthe
role of “similarity solutions,” are obtained for each of the aeroser-
voelastic problems for which innovative scaling laws are desired.

To achieve this general objective, several speci� c goals are pur-
sued, namely, 1) development of a time-domain-based aeroser-
voelastic simulation capability for a typical cross section in
compressible � ow, using optimal control theory and a conventional
trailing-edge � ap/control device; 2) presentation of a new, two-
pronged, approach for the developmentof modern aeroelastic scal-
ing laws and implementation of it for the aeroservoelasticproblem
beingconsidered;3) developmentof scaling laws for aeroservoelas-
tic problems, emphasizing scaling requirements for actuator forces,

hinge moments, and power, using the simulation capability devel-
oped; and 4) application of the tools developed to several sample
problems.

This research shows how results obtained from aeroservoelastic
testing,conductedon small aeroelasticallyscaledwind-tunnelmod-
els, can be related to much larger models or the full-scale vehicle.
Thus, the paper constitutes an important contribution to the state of
the art.

Aeroservoelastic Model
Aeroelastic Model

The aeroelastic model consists of a typical cross section of a
wing with plunge and pitch degrees of freedom, combined with
a trailing-edge control surface representing an actively controlled
� ap, as shown in Fig. 1. The equations of motion of the system are
obtained from Lagrange’s equations. The equations, in nondimen-
sional matrix form, with viscous damping terms are

[M̄]{q } + [C̄]{q} + [K̄ ]{q} = (V̄ 2 / p l ){ ¡ Cl 2Cm 2Ch}T (1)

where thenondimensionaltime t̄ = x a t is used.The dampingmatrix
[C̄ ] is given by

[C̄] = 2

2

4
( x h / x a ) f 0 0

0 f 0

0 0 ( x b / x a ) f

3

5 (2)

The unsteady aerodynamic loads in Eq. (1) can be obtained by
variousmethods. For incompressible� ow, Theodorsen’s theory20 is
used, whereas for the compressible case the doublet-latticemethod
(DLM)21 is a convenient tool for generating frequency domain os-
cillatory loads. The general form of the compressible aerodynamic
loadsactingon a typical section is given in Ref. 16.The pressuredis-
tributionover the airfoil is related to the downwashvelocity through
a kernel function, given by

w̄(x) =
1

8 p

Z b

¡ b

K (x , g , k, M ) p̄( g ) dg (3)

In the DLM, the airfoil is divided into segments and downwash
boundary conditions at each segment are imposed. The solution
obtained from Eq. (3) yields the distribution of pressure over the
airfoil for a given Mach number, reduced frequency,and locationof
� ap hinge combination, for a kernel function K (x , g , k, M ) given
in Ref. 16 (p. 235). Once the pressure distributionover the airfoil is
found,aerodynamicloads, lift, pitchingmoment, and hingemoment
are found from an appropriate integration process.

The frequency domain aerodynamic loads are transformed into
the time domain using Roger’s approximation.7 The approximation
requires � rst a transformation of the frequency domain loads into
the Laplace domain. Subsequently, these loads are expressed as a
linear combination of the system states:

{ ¡ Cl (s̄) 2Cm(s̄) 2Ch (s̄)}T =
¡
[C0] + [C1]s̄ + [C2]s̄2

+ ¯[D]([I ]s̄ ¡ [R]) ¡ 1[E ]s̄
¢
{q(s̄)} (4)

Fig. 1 De� nition of parameters for three-degree-of-freedom aeroser-
voelastic model.
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A vector of aerodynamic lag states is introduced by

{g a (s̄)} = ([I ]s̄ ¡ [R]) ¡ 1[E]{q(s̄)}s̄ (5)

Combining Eqs. (4) and (5) and transforming them to the time do-
main yields

([M̄] ¡ (1/ p l )[C2]){q } + ([C̄] ¡ (V̄ / p l )[C1]){q}

+
¡
[K̄ ] ¡ (V̄ 2 / p l )[C0]

¢
{q} ¡ (V̄ 2 / p l )[D̄]{g a( t̄ )} = 0 (6)

Equation (6) is rewritten in � rst-order state variable form and com-
bining it with Eq. (5) yields the open-loop equation of motion in
state space

{x} = [A]{x( t̄ )} (7)

where

[A] =

2

4
0 [I ] 0

¡ [M ] ¡ 1[K ] ¡ [M] ¡ 1[C] [M ] ¡ 1[D]

0 [E] V̄ [R]

3

5

{x} =

8
<

:

{q}

{q}

{g a}

;
=

;

and the matrices used in [A] are

[M ] = [M̄] ¡ (1/ p l )[C2], [C ] = [C̄] ¡ (V̄ / p l )[C1]

[K ] = [K̄ ] ¡ (V̄ 2 / p l )[C0], [D] = (V̄ 2 / p l )[D̄]

Stability of the open-loop system is governed by the eigenvaluesof
Eq. (7), which are usually represented by root locus plots.

The trailing-edge control surface is used for � utter suppression.
The control scheme appliesan external hinge moment to the control
surface that modi� es the aerodynamic loads acting on the typical
cross section. The aeroservoelasticequation of motion is similar to
Eq. (6):

[M ]{q }+ [C]{q}+ [K ]{q( t̄ )} ¡ [D]{g a( t̄ )}= He{0 0 1}T (8)

which, in � rst-order form, is written as

{x} = [A]{x( t̄ )} + [B]{u( t̄)} (9)

where [A] and {x} were de� ned earlier and

[B] =

2

4
{0}

[M] ¡ 1{0 0 1}T

{0}

3

5 , {u( t̄ )} = He

Control Approach
A somewhat idealized approach to � utter suppression is the use

of optimal control theory with full state feedback. In this case, the
objective function for � utter suppression is represented by6,12,22

J =

Z t̄ f

t̄i

({x( t̄ )}T [Q̄]{x} + k {u( t̄ )}T [ R̄]{u}) dt̄ (10)

where [Q̄] is a nonnegative cost weighting matrix of the states,
and [ R̄] is a positive-de�nite weighting matrix involving the con-
trol; these are often chosen to be diagonal.22 The positiveweighting
constant k determines the ratio between state and control cost. The
solution to the linear optimal control problem is provided by the
solution to the Riccati differential equation,23 which is obtained
numerically. The solution to the Riccati differential equation ap-
proaches that of the algebraicequation when t̄ f ! 1 . It is easier to
obtain and frequently used.22,24 This solution can be obtained from
the Hamiltonian matrix of the system, given by23

[AH ] =

³
[A] (1/ k )[B][R̄] ¡ 1[B]T

¡ [Q̄] ¡ [A]T

´
(11)

The eigenvalues of [AH ] are symmetric with respect to both real
and imaginary axes. Each eigenvaluewith a positive real part has an
image eigenvaluewith a negative real part. Only the stable eigenval-
ues are considered. It can be shown that the number of eigenvalues
with negative real parts is equal to the number of eigenvalues of
the original open-loop system and that the closed-loopsystem is al-
ways stable. The solution to the Riccati algebraic equation is based
on Potter’s method,25 and the optimal control law is given by

{u( t̄ )}opt = ¡ (1/ k )[ R̄] ¡ 1[B]T [P]{x(t̄ )} (12)

The closed-loop dynamic equation of motion is23

{x} = ([A] ¡ (1/ k )[B][R̄] ¡ 1[B]T [P]){x( t̄)} (13)

The controldesign describeddoes not account for any constraints
such as de� ection or rate limits on the trailing-edgecontrol surface.
Addition of these constraints to the cost function in Eq. (10) does
not affect the result of the linear optimal control theory.26 A po-
tentially rewarding alternative is to recognize that control activity
constraints lead to a nonlinearproblem and use adaptive control for
� utter suppression. The studies described in Refs. 27–29 indicate
that adaptive control may be a suitable tool for � utter suppression
in the presence of nonlinearities.

The controlapproachbasedon full state feedbackrequiresknowl-
edge of the augmented aerodynamic states. The augmented aero-
dynamic states cannot be measured and have to be reconstructed
from the time response.This is accomplishedusing a Kalman � lter.
The steady-state observer Riccati matrix [Q] and the steady-state
observer gain matrix [K ] are found in a similar manner to the cal-
culation of the algebraic Riccati matrix [P] and the closed-loop
control law gain matrix.23 A new Hamiltonian matrix is formed for
the algebraic Riccati observer equation:

[AH ] =

³
[A]T ¡ [C]T [V2] ¡ 1[C]
¡ [V1] ¡ [A]

´
(14)

and a solution to the matrix [Q], similar to that explained earlier
for the Riccati matrix [P], leads to the steady-state observer gain
matrix23

[K ] = [Q][C]T [V2] ¡ 1 (15)

It is important to determine the hinge moment requirements
needed for control surface actuation and the power required for
� utter suppression. These quantities are required for practical im-
plementations of � utter suppression systems

H̄ = H | mb2 x 2
a = 2(V̄ 2 / p l )Ch (16)

The instantaneouspower is given by

P( t̄) = H ( t̄ ) Çb ( t̄ ) = 2mb2 x 3
a (V̄ 2 / p l )CP

and in nondimensional form its average value becomes

P̄av = 2
V̄ 2

p l

1
t̄2 ¡ t̄1

Z t̄2

t̄1

CP ( t̄ ) dt̄ (17)

For the cases considered in this study, the average power in
Eq. (17) represents the power consumed during a period when the
response of the wing section, due to control activity, reduces by a
predetermined amount.

Piezoelectrically Twisted Wing/Airfoil
As indicated earlier, one of the goals of this paper is to obtain

equivalence relations between a conventional airfoil/trailing-edge
� ap combination and a continuously deforming wing section that
is piezoelectricallyactuated. To achieve this objective, consider an
idealized section of the wing structural element used for piezoelec-
tric actuation based on bend/twist coupling, shown in Fig. 2. The
typical cross section consists of a layer of honeycomb core between
two composite face sheets. Two PZT layers are attached to the top
and bottomof thecompositecoversheets and resemble theactuation
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Fig. 2 Idealized wing section using piezoelectric actuation.

patchesused in Ref. 12. The change in the pitchmoment coef� cient,
as a result of � ap de� ections, based on static thin airfoil theory30 is
given by

D Cm(t ) = 1
2 sin h f (cos h f ¡ 1) b (t ) (18)

The static change in pitch moment, due to change in pitch angle,
can also be written as

D Cm( t̄ ) = 1
2

¡
a + 1

2

¢
D Cl ( t̄ ) = p

¡
a + 1

2

¢
D a (t̄ ) (19)

It is assumed that due to the bend/twist coupling, bending mo-
ments acting on the section cause only twist along its spanwise axis
and that no external twisting moments act on it. Furthermore, it
is assumed that the structural element, shown in Fig. 2, represents
the cross section of a � at plate type airfoil that is being twisted to
produce the same pitching moment that is induced by an actively
controlled trailing-edge � ap. The power, per unit span, required to
twist a � at plate is given by

P( t̄ ) = x a My( t̄ )
@2 a

@t̄ @y
(20)

where the moment required to twist the plate can be determined,
following the analysis described in Ref. 31, for a beamlike wing,
from My ( t̄ ) = G Jp @a ( t̄) / @y. For a constant twist angle along the
span, @a / @y is found directly from the local, instantaneous angle
of attack at the typical section. The shear modulus of the typical
section,averagedbetween thevariouslayersbut excludingactuation
layers,and thepolarmomentof inertiafor a rectangularcrosssection
(Ref. 32, Chapter 5) are given by

G =
2GLTtC + G H tH

2tC + tH
, Jp =

20

9

(tt / 2)3b3

(tt /2)2 + b2

The equivalent power required to deform the plate section, ex-
pressed in terms of an equivalent control � ap de� ection acting on a
typical cross section located at 0.75 semispan, is determined from
Eqs. (18–20):

P( t̄ ) =
16

9

G Jp x a

l2

»
sin h f (cos h f ¡ 1)

2p [a + (1/2)]

2́

b ( t̄ ) b ( t̄ ) (21)

When Eq. (21) is divided by msb2 x 3
a and averaged over time, the

resulting expressionis comparablewith Eq. (17). Additionaldetails
can be found in Ref. 33.

Aeroelastic and Aeroservoelastic Scaling Laws
Classical Approach to Aeroelastic Scaling

The classical approach to aeroelastic scaling is presented in de-
tail in Ref. 16, Chapter 11. The procedure is best illustrated by
considering � rst the scaling relations in incompressible � ow for
a two-dimensional airfoil/control surface combination, under the
assumption of simple harmonic motion. The extension of these re-
lations to the compressible case is straight forward. For this case
one has
8
<

:

n (t )

a (t )

b (t )

;
=

; =

8
<

:

n 0ei x t

a 0 exp(i x t + u 1)

b 0 exp(i x t + u 2)

;
=

; =

8
<

:

n 0 exp[i ( x / x a ) t̄]
a 0 exp[i ( x / x a ) t̄ + u 1]
b 0 exp[i ( x / x a ) t̄ + u 2]

;
=

;

(22)

The loads corresponding to Theodorsen’s theory20 are

8
<

:

¡ Cl

2Cm

2Ch

;
=

; =
1

V̄ 2

2

6664

¡ p p a T1

p a ¡ p
¡

1
8

+ a2
¢

¡ 2T13

T1 ¡ 2T13
1
p

T3

3

7775{q }

+
1

V̄

2

4
0 ¡ p ¡ T4

0 p
¡
a ¡ 1

2

¢
¡ T16

0 ¡ T17 ¡ (1/ p )T19

3

5{q} +

2

4
0 0 0

0 0 ¡ T15

0 0 ¡ (1/ p )T18

3

5{q}

+ C(k)

0

BBB@

2

6664

0 ¡ 2p ¡ 2T10

0 2 p
¡

1
2

+ a
¢

2
¡

1
2

+ a
¢
T10

0 ¡ T12 ¡
T10T12

p

3

7775{q}

+
1

V̄

2

6664

¡ 2p ¡ 2 p
¡

1
2 ¡ a

¢
¡ T11

2 p
¡

1
2

+ a
¢

2 p
¡

1
4 ¡ a2

¢
T11

¡
1
2

+ a
¢

¡ T12 ¡ T12

¡
1
2

¡ a
¢

¡
T11T12

2p

3

7775{q}

1

CCCA

(23)

Values of T1–T14 are de� ned in Ref. 20, and T15 through T19 are
convenient combinations of the � rst 14Ti as indicated in Ref. 34.
The quantitiesTi dependonly on the nondimensionalhinge location
c b and the nondimensional offset a. When Eqs. (22) and (23) are
substituted into Eq. (1), neglectingdamping effects and dividing by
( x / x a )2 yields

¡ n 0 ¡ x a a 0e
i u 1 ¡ x b b 0ei u 2 + ( x a / x )2( x h / x a )2 n 0

= F1(c b , a, k, l , n 0 , a 0, u 1, b 0, u 2)

¡ x a n 0 ¡ r 2
a a 0e

i u 1 ¡
£
r 2

b + (c b ¡ a)x b

¤
b 0ei u 2 + r 2

a ( x a / x )2 a 0ei u 1

= F2(c b , a, k, l , n 0 , a 0, u 1, b 0, u 2)

¡ x b n 0 ¡
£
r 2

b + (c b ¡ a)x b

¤
a 0ei u 1 ¡ r 2

b b 0ei u 2

+ r 2
b ( x a / x )2( x b / x a )2 b 0e

i u 2

= F3(c b , a, k, l , n 0 , a 0, u 1, b 0, u 2) (24)

A convenientrule of thumb derivedby Buckinghamstates that the
nondimensional solution can then be written in terms of a reduced
set of nondimensional combinations that consist of n ¡ k parame-
ters, where n are the original parameters, and k =3 are the primary
parameters, mass M, length L, and time T. The nondimensionalpa-
rameters that can be extracted from Eqs. (24), using Buckingham’s
p theorem, Ref. 16, p. 698, are listed hereafter:

n 0 =
h0

b
, k =

x b

V
, l =

m

p q b2
,

x h

x a

=

r
Kh / m

K a / IEA

x b

x a

,
x a

x
, r 2

a , r 2
b , c b , a, x a =

Sa

mb

x b =
Sb

mb
, a 0, b 0, u 1, u 2

The � rst 12 parameters can be expressed as combinations of the
threeprimaryvariables,whereasthe last4 arenondimensionalquan-
tities.For aeroelasticstability, the quantitiesof interest are x F b/ VF ,
x F / x a , and h0 /b a 0 , where the subscript F refers to the � uttercondi-
tion. For aeroelasticsimilarity all other nondimensionalparameters
such as l , ( x h / x a ), ( x b / x a ), . . . , etc., for the model, must have
the appropriate values. The external shape, that is, airfoil type, and
Reynolds number also have to be retained.When compressible� ow
is considered the list of sixteen parameters given has to be aug-
mented by an additional parameter M .
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Flutter conditions of similar structural con� gurations imply that
their nondimensional� utter velocity is kept constant, as well as the
Mach number. The pitch frequencyof a scaled model relates to that
of the full-scale con� guration according to the geometrical scaling
ratio

( x a )m / ( x a )w = bw / bm (25)

where subscript m stands for model and subscript w for the proto-
type.

The scaling of damping properties also needs to be addressed.
Equations (1) and (2) imply that the damping of each mode is re-
lated to the natural frequency associated with that mode. Once the
naturalfrequencieschange, thedampingcoef� cientof a correspond-
ing mode needs to be modi� ed to match the appropriate damping
loads:

f m / f w = ( x a )w / ( x a )m = bm /bw (26)

The aeroelastic scaling considerations discussed are based on
classical solutions that are obtained from Eqs. (1) and (22–24).

Re� ned Aeroelastic Scaling Procedure
For modern applications, the classical approach is inadequate

for several reasons. The control system may experience saturation,
free play, and friction,which introducenonlineareffects that cannot
be represented by the simple linear equations that have been used
in deriving aeroelastic scaling relations. Furthermore, the aerody-
namic loads may be obtained from computational � uid dynamic
codes involving the solutions of the Euler or Navier–Stokes equa-
tions.For such cases the aeroelasticmodel will containaerodynamic
nonlinearities.28 In such situations the aeroelastic or aeroservoelas-
tic studies are based on re� ned computer simulations. To accomo-
date these more complicated con� gurations, an alternative, re� ned
approach to aeroelasticscaling was developed.It is based on a com-
bination of the classical approach and a computer simulation of the
speci� c problem being considered.

Figure 3 depicts the new two-pronged approach that was devel-
oped for generating re� ned scaling laws that are applicable to any
general linear or nonlinear aeroelastic or aeroservoelasticproblem.
In this approach, basic scaling requirements are established using
typical cross-sectional information and dimensional analysis, in a
manner that resembles the conventional, or classical, procedure.
This process is represented by the left-hand branch in Fig. 3. In
parallel, solutions based on computer simulations are obtained for
each aeroelasticor aeroservoelasticproblem for which re� ned scal-
ing laws are required. These computer simulations represent nu-
merical similarity solutions that can replace the analytical, closed-
form similarity solutions that are usually sought in the framework
of mathematical similarity theory.19 This portion of the procedure
is representedby the right-handbranch of Fig. 3. By combining the
requirements based on the classical approach with those based on
the computer simulation, a set of expanded or re� ned aeroelastic
scaling requirements is obtained.

These computer simulations enable one to account for additional
effects, such as presence of multiple control surfaces and stores,
shock wave motion in transonic � ow, saturation, free play, and
separation. This approach easily accounts for the presence of the
control system, a fundamental need in aeroelasticity. For such ap-
plications the nondimensional frequencyvariable x a / x is replaced

Fig. 3 Two-pronged approach for generating re� ned aeroelastic scal-
ing laws.

by a nondimensional time variable t̄ = x a t, and the reduced fre-
quency is replaced by the nondimensional velocity V̄ = V / x a b.
Computer simulationsare particularlysuitablefor examining the in-
tricatescalingrequirementsgoverningcontrolpower,controlforces,
and hinge moments, which play an important role when extrapolat-
ing the model tests to the full-scale con� guration.

Finally, note that this approach is particularly suitable for appli-
cations that involve the use of adaptive materials based actuation
for the modi� cation and control of aeroelastic problems. The two-
pronged approach can easily account for all of the intricate details
associated with this class of materials.

Results and Discussion
Open- and Closed-Loop Results for Baseline Con� guration

Results presented were calculated for a typical cross section in
subsonic � ow using a computer code implementing the time do-
main aeroservoelastic analysis described earlier in this paper. Air-
foil parameters used to generate the results were selected to resem-
ble values for an executive jet type of aircraft with a wing span
of 52.6 ft, semichord length of b = 35.0 in. and a pitch frequency
of x a = 110.0 rad/s: a = ¡ 0.2, c b =0.8, x a = 0.2, x b = ¡ 0.008,
r 2

a = 0.25, r 2
b = 0.036, x h / x a = 0.25, x b / x a =2.0, and a structural

damping coef� cient of f =0.002. Estimations for a wing weight,
from which the mass ratio was deduced,were found in Refs. 35 and
36. A value of l =25.6 was chosen to represent the typical cross
section at sea-level conditions.

Aerodynamic loads were calculated from a DLM code, for
a speci� c Mach number, and approximated in the time domain
using Roger’s approximation.7 A reduced frequency range of
0.000 ·k ·1.300 was used for the analyses. Results shown were
calculated with four aerodynamic lag roots located at c 1 =0.0250,
c 2 =0.1500, c 3 =0.6000, and c 4 = 1.2000.

Stability analysis for a typical cross section representativeof this
full-scalecon� guration yields a matched point � utter Mach number
of M =0.702. Figure4 depictsthe open-looproot locusplots for this
con� guration.The nondimensionalopen-loop� utter velocity found
was V̄F =2.441, which at standard sea-levelconditionscorresponds
to a true velocity of V =783.2 ft/s or a � ight Mach number of
M = 0.702.

The closed-loop results were generated for a diagonal state cost
matrix in which all of the states had a unit cost, that is, Q̄ ii = 1.00.
The R̄ matrix was reduced to a single scalar component given by
R̄ =1.00, and the cost function parameter was set to k =100.00.
The root locus plots in Fig. 5 illustrate the behavior of the closed-
loop con� guration. Three modes are shown. The unstable part of
the open-loop root locus, shown in Fig. 4, is re� ected to the stable
half of the s plane in Fig. 5. A precise re� ection occurs only when
the control cost parameter is very high.6,23

When examining the time domain system behavior two initial
conditionswere used. A ramp input of 10 deg/s angle-of-attackrate
was applied to the systemas an initialdisturbance.This is denotedas
case I in thediscussionthat follows.Controlsurfacesaturationlimits

Fig. 4 Open-loop root locus of full-scale con� guration at M = 0.702.
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Fig. 5 Closed-loop root locus of full-scale con� guration at M = 0.702.

Fig. 6 Closed-loop time history of plunge displacement for the full-
scale con� guration at M = 0.702.

were selectedwith typicalvaluesof j b max j ·4 deg, j Çb max j ·90deg/s,
and a maximum hinge moment of (He)max = 50,000 lb-in. was used
for a � ap span of 68.5 in. These values yield a typical cross section
hinge moment saturation value of 729.3 lb-in./in. A second case
with initial conditions consisting of a 0.9-deg step function in an-
gle of attack, denoted case II, was also considered. It corresponds,
at M =0.702, to a gust of approximately 12.5 ft/s. Flap control
saturation levels similar to case I were used in this case.

Figure 6 depicts a plunge displacement time history plot, for
case I, of the full-scale con� guration in closed loop at three ve-
locities: V̄F , 1.025V̄F , and 1.05V̄F . As velocity increases, peak re-
sponse in plunge also increases; however, values are below 0.05 of
a semichord length.

Note that the matched point � utter Mach number of M = 0.702
is violated slightly when dealing with velocities that are 2.5 and
5% above the � utter velocity V̄F . This comment is applicable to
Figs. 6–12.

To constructa controllaw it was assumedthat all of the augmented
aerodynamic states, as well as the structural states, were known. In
Figs. 5 and 6 it is shown that the closed-loop system is stable, that
after a few oscillations the initial disturbance is dissipated, and that
the system returns to its initial undisturbed state under the action
of a control law. To estimate the augmented aerodynamic states,
state excitation noise and measurement excitation noise intensities
were selected.The dynamic system is assumed to be perfectlymod-
eled, and, therefore, state excitation noise intensity was selected as
[V1] =0, and a unit matrix was used for the measurement excitation
noise intensity.Figure 7 depicts the plunge motion results for case I,
in which four aerodynamic lag roots were used to approximate the

Fig. 7 Closed-loop time history of full-scale con� guration in plunge
»( Åt), case I.

Fig. 8 Closed-loop time history of plunge displacement for the aeroe-
lastically scaled model at M = 0.702.

Fig. 9 Closed-loop time history of full-scale con� guration plunge dis-
placement »( Åt), case II.

aerodynamic states. It appears that at V̄ = V̄F + 5% results diverge,
whereas for cases with slower speeds above � utter the system oscil-
lates without converging. Clearly, reconstructionof the augmented
states causes problems.To avoid these problems it was assumed, for
the rest of the results generated here, that the augmented aerody-
namic states are known exactly and do not need to be reconstructed.
Note, however, that for practical situations the augmented aerody-
namic states are not observableand their reconstructionis essential.
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Fig. 10 Closed-loop time history of full-scale con� guration in plunge
»( Åt), case I, with a different control saturation level.

Fig. 11 Closed-loop time history of power coef� cient for the full-scale
con� guration at M = 0.702.

Furthermore, the inconveniencesassociatedwith this reconstruction
have to be addressed.

Aeroelastic Scaling Example
To illustratethe importanceof aeroelasticscaling,two approaches

to scaling the baselinecon� guration are explored. For the � rst case,
only geometrical scaling (GSM) of wing dimensions was used. In
the second case, aeroelasticscaling(ASM), which requiresa change
of wing stiffnesswas implemented.Both caseswere assumed to rep-
resent 1:6 scaled versions of the full-scale con� guration. The ratio
between the torsional frequency of the model and that of the full-
scale con� guration, as indicated by Eq. (25), is related to the GSM
betweenboth systems.The ASM pitch frequencywas increasedby a
factorof six. The mass ratio of the ASM also changes.The full-scale
con� guration � utters at M =0.702, which corresponds to a density
ratio of q 0 / q =1.2649. The mass ratio of the ASM was decreased
by the same factor to compensate for the drop in � uid density. This
ratio for the ASM was l =20.241, whereas for the GSM the mass
ratio of the baseline con� guration was retained. The damping of
ASM was also modi� ed according to the relation given in Eq. (26).
Table 1 summarizes the parameters describing the two models.

Open-loop results for the baseline and the two scaled con� gura-
tions are shown in Table 2, depicting � utter velocity, dimensional
and nondimensional,Mach number at � utter, � utter frequency, and
nondimensionaldivergencevelocity. It is evident that only the ASM
has an open-loop behavior similar to the full-scale con� guration.
The geometrically scaled model becomes unstable at conditions
different from those of the full-scale con� guration.

Table 1 Comparison of scaling parameters
between three typical cross section models

Parameter Full scale GSM ASM

b, in. 35 5.8333 5.8333
x a , rad/s 110.0 110.0 660.0
l 25.6 25.6 20.241
f 0.002000 0.002000 0.000333

Table 2 Comparison of stability results
between three typical cross section models

Parameter Full scale GSM ASM

V̄F 2.441 2.579 2.441
VF , ft/s 783.2 137.9 783.2
x F , Hz 46.89 55.84 46.89
MF 0.702 0.123 0.702
V̄D 2.636 3.244 2.636

Fig. 12 Closed-loop time history of plunge displacement for the geo-
metrically scaled model at M = 0.123.

Fig. 13 Closed-loop root locus of geometrically scaled model at M =
0.123.

Figures 8 and 9 exhibit the closed-loop root loci of the geomet-
rically and aeroelasticallyscaled models, respectively. It is evident
that the GSM does not display a behavior resembling the full-scale
con� guration, while the ASM does.

A correspondingtimehistoryplot for theGSM is shownin Fig. 10,
which depicts plunge displacement. Plunge response of the GSM
to the same initial conditions that were applied to the full-scale
con� guration is very similar to that of the full-scale con� guration,
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Fig. 14 Closed-loop root locus of aeroelastically scaled model at M =
0.702.

and oscillationamplitudesare of the same order of magnitude.Note
that close to � utter boundary the systems exhibit similar behavior
in the time domain, although they are not similar and will generally
behave differently at velocities that exceed the � utter boundary by
a considerable amount.

The initial disturbance was nondimensionalizedand found to be
a (0) = a (0)/ x a =0.00158666. For the ASM case this initial dis-
turbance was applied to the model, and a dimensional value of the
similar case was determined as a (0) = x a a (0) =60 deg/s. The ap-
propriate � ap rate limit was also determined from scaling consider-
ationsand found to be j Çb max j ·360 deg/s. In addition,a scaled hinge
moment limit was determined,based on the relations in Eq. 16. The
hinge moment limit of the ASM was reduced by a scaling factor of
1:l2 and found to be 20.26[lb-in./in.]. Figure 11 depicts correspond-
ing plungeresultsfor theASM. Plungedisplacementis similar to the
correspondingresult of the full-scalecon� guration,shown in Fig. 6.

In� uence of Control Saturation
Systembehaviorfor case II typeof initialconditionswas alsocon-

sidered to illustratesaturationandstabilizationlossdue to nonlinear-
ities associatedwith stabilization.Time histories for plungemotion,
with a controlcost parameterof k = 102 , are shown in Fig. 13 for the
full-scalecon� guration,or baselinecon� guration.De� ection limits
were modi� ed to j b max j ·1.5 deg and their effect on � utter suppres-
sion of the baseline con� guration studied. Figure 14 exhibits the
plunge displacement of the typical section, similar to that depicted
in Fig. 13 for the baseline con� guration. A plunge of about 15% of
the semichord is evident, at � utter conditions, whereas in Fig. 13
a plunge of only 10% is observed. Because of tighter control � ap
de� ection limits, the typical cross section reachesnonlinear regions
earlier, and � utter boundaries can be expanded by smaller amounts.
For higher velocities above the � utter boundary the control system
fails to stabilize the system.33

Comparison of Piezoelectric Actuation to a Conventional
Trailing-Edge Device

Hinge moments needed for actuationand power required for � ut-
ter suppression are important aspects of aeroservoelasticbehavior.
Two separate cases are examined.The � rst case considers the hinge
momentsand power requirementsfor thebaseline,or full-scale,con-
� guration. The second case compares the relative merits of piezo-
electric actuation with that of a conventional, equivalent, trailing-
edge control surface. Two models were studied. The � rst was an
articulatedwing section/trailing-edgecontrol� ap combination,with
the same properties as the full-scale con� guration studied earlier.

Figure 12 depicts time history of the power coef� cient required
for the full-scale con� guration for case I. Negative values of power
imply that the system produces power and such contributionswere
neglected. Because power decreases rapidly, only the � rst 50 s of
nondimensionaltime history is shown. The average power required

Table 3 Average power required to suppress � utter of a
baseline wing section at several nondimensional velocities

V̄ D V̄ , % t̄1 t̄2 C̄P Pav, hp/s

2.441 0.00 1.700 26.65 4.254E ¡ 9 2.1102E ¡ 5

2.502 2.50 1.650 27.150 5.050 £ 10 ¡ 9 2.6319 £ 10 ¡ 5

2.563 5.00 1.600 27.550 5.189 £ 10 ¡ 9 2.8378 £ 10 ¡ 5

Table 4 Average power required to suppress � utter
of a piezoelectrically actuated wing section

at several nondimensionalvelocities

V̄ t̄1 t̄2 C̄P Pav, hp/s

2.441 1.700 26.65 2.255 £ 10 ¡ 8 1.1186 £ 10 ¡ 4

2.502 1.650 27.150 1.655 £ 10 ¡ 8 8.6253 £ 10 ¡ 5

2.563 1.600 27.550 1.436 £ 10 ¡ 8 7.6222 £ 10 ¡ 5

to reduce the wing section pitch oscillationsby 90% from its maxi-
mum value together with the time frame required for this reduction
are shown in Table 3. This is a bettermeasureof system performance
than instantaneouspower. It is evident from Table 3 that only small
amounts of power are required for � utter suppression when � ying
at modest speeds above the open-loop � utter velocity.

The second model, a � at plate employing a continuous twist of
the wing section for � utter suppression, had similar properties to
those of the plate used in Ref. 12 and shown in Fig. 2. A half-
wing-span con� guration with a semispan of 26.33 ft and a semi-
chord of 35 in. was used. The plate con� guration modeled included
an aluminum-based honeycomb and a layer of six glass/epoxy
laminates having a [30°, 30°, 0°]s construction. Other parame-
ters required for modeling this con� guration were (EL )a =8.70
[Mpsi], tP =0.11667 in., Zma =0.70117 in., GLT = 0.87 [Mpsi],
tC =6 £ 0.030 in., m C =0.28, G H = 0.11 [Mpsi], tH = 1.0325 in.,
m H =0.3, d31 = 7.09 £ 10 ¡ 9 [in./V].

Comparisonof the power requirementsfor � utter suppressionfor
a piezoelectrically twisted wing section and a conventional wing
section/� ap combinationwere obtained from the relationsdescribed
earlier in Eq. (21) and are presented in Table 4. These results are
similar to those presented in Table 3 for the baseline con� guration.

Limits reported in Ref. 37 are 200 l e for actuation strains and
200 V for voltage source. The results obained indicate that strains
fall within this limit and it appears that PZT materials are suitable
candidate materials for � utter suppression. Note that the power re-
quirements of the actively controlled � ap are considerably lower
than those required for the piezoelectrically twisted wing section.
The main reason for this is that piezoelectric actuation requires ac-
tual structural deformations of the wing. This additional energy is
not needed for the case of the conventional airfoil/� ap combina-
tion. Additional results can be found in Ref. 33. Note that whereas
the power requirements for the piezoelectricallyactuated wing take
into account all of the effects required to generate wing twist, the
same is not true for the � ap because the power loss involved in
the mechanism associated with � ap motion is not accounted for.
This additional power may partially offset the difference in power
requirement between these two methods of actuation.

Conclusions
This study reexamines the issue of aeroelastic and aeroservoelas-

tic scaling within the framework of modern aeroelasticity. This is
a very important and somewhat neglected aspect of aeroelasticity.
The principal � ndings of this study are summarized here:

1) A new, two-prongedapproachto aeroelasticandaeroservoelas-
tic scaling was developed. It combines the classical approach with
computer simulation of the speci� c problem. It is capable of pro-
viding useful scaling information on hinge moments and power re-
quirements for � utter suppression. It is completely general in scope
and applicable to any aeroelastic system.

2) Solutions to the nondimensionalaeroelasticor aeroservoelastic
problemsprovidesimilaritysolutions.Only such solutionscorrectly
predict the behavior of a full-scale con� guration, as well as that of
aeroelasticallyscaled models. A partially scaled model, such as the
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GSM, does not provide accurate predictions of the behavior of a
full-scale con� guration.

3) Saturation of � ap de� ection and rate pose realistic limitations
on the extent of � utter margin expansion. Saturation introduces a
strongnonlinearitythat is not addressedby current techniquesavail-
able in the � eld of control systems.

4) Power requirementsfor � utter suppressionwere calculatedfor
two models of a typical cross section: one with an actively con-
trolled � ap and the other with a piezoelectricallyactuated continu-
ouslydistributedtwist. The averagepower requiredfor piezoelectric
actuation is signi� cantly larger than that required by a typical wing
section employing an actively controlled � ap.

5) Using time domainunsteadyaerodynamicswith full state feed-
back requiresreconstructionof the unsteadyaerodynamicstates that
cannot be observed.This introducesconsiderablecomplexity in the
aeroservoelastic problem. This issue has been overlooked in pre-
vious studies. The reconstruction of such nonobservable states is
essential in practical applications.
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